We systematically examine the properties of null geodesics around an electrically charged, asymptotically flat black hole in Eddington-inspired Born-Infeld gravity, varying the electric charge of black hole and the coupling constant in the theory. We find that the radius of the unstable circular orbit for massless particle decreases with the coupling constant, if the value of the electrical charge is fixed. Additionally, we consider the strong gravitational lensing around such a black hole. We show that the deflection angle, the position angle of the relativistic images, and the magnification due to the light bending in strong gravitational field are quite sensitive to the parameters determining the black hole solution. Thus, through the accurate observations associated with the strong gravitational lensing, it might be possible to reveal the gravitational theory in a strong field regime.
in EiBI in addition to the value of the electrically charge. For this purpose, we derive the analytic formulae describing the strong gravitational lensing, basically according to Ref. [25] . Then, we will show that the various properties in EiBI are significantly sensitive to not only the coupling constant in EiBI but also the electrically charge of black hole. In this paper, we adopt geometric units, c = G = 1, where c and G denote the speed of light and the gravitational constant, respectively, and the metric signature is (−, +, +, +).
II. ELECTRICALLY CHARGED BLACK HOLE IN EIBI
EiBI proposed by Bañados and Ferreira [7] is described with the action
where R µν is the symmetric part of the Ricci tensor constructed by the connection Γ µ αβ , |g µν + κR µν | denotes the absolute value of the determinant of the matrix (g µν + κR µν ), g denotes the determinant of the metric g µν , S M denotes the action of matter fields, and Ψ M collectively denotes any matter field. As seen in Eq. (1), EiBI has two parameters, i.e., κ and λ. κ is the Eddington parameter with the dimension of length squared, while λ is a dimensionless constant associated with the cosmological constant Λ as Λ = (λ − 1)/κ. Additionally, since the action of EiBI in the limit of κ = 0 or for S M = 0 reduces to the Einstein-Hilbert action [7, 27, 28] , EiBI in the limit of κ = 0 and/or S M = 0 becomes equivalent to general relativity with the cosmological constant. The Eddington parameter κ is constrained via the solar observations, big bang nucleosynthesis, and existence of neutron stars [7, [29] [30] [31] . In addition to these constraints, the possibilities to observationally constrain κ are suggested with the simultaneous measurements of the stellar radius of the 0.5M ⊙ neutron star and the neutron skin thickness of 208 Pb [17] , and with the frequencies of the neutron star oscillations [18] .
Since in EiBI the connection Γ µ αβ is considered as a field independent of the metric g µν , the field equations can be obtained from the variations of the action (1) with respect to the connection and metric [7] ;
where q µν is an auxiliary metric associated with the connection as Γ µ αβ = q µσ (q σα,β + q σβ,α − q αβ,σ ) /2, q is the determinant of q µν , and T µν denotes the standard energy-momentum tensor. We remark that q µν is just matrix inverse of q µν , i.e., q µν = g µα g νβ q αβ and q µα q να = δ µ ν . Meanwhile, raising and lowering indices in T µν should be done with the physical metric g µν . The metric describing the spherically symmetric objects is expressed as
where ψ, f , G, F , and H are functions of r, and dΩ 2 ≡ dθ 2 + sin 2 θdφ 2 . To consider an electrically charged black hole, we adopt the energy-momentum tensor given by T µν = g αβ F µα F νβ − g µν F αβ F αβ /4 /4π. Then, one can derive the electrically charged black hole solution in EiBI as
where M and Q denote the mass and electric charge of the black hole, while E µ is the electric field outside the black hole [7, 20, 21] . With these metric functions in g µν , the metric functions in q µν are determined by
We remark that the black hole solution in the limit of Q = 0 reduces to the Schwarzschild-(anti-) de Sitter spacetime in general relativity, i.e., f (r) = 1 − 2M/r − Λr 2 /3 and ψ(r) = 1, while in the limit of κ = 0 reduces to the Reissner-Nordström-(anti-)de Sitter spacetime in general relativity, i.e., f (r) = 1 − 2M/r + Q 2 /r 2 − Λr 2 /3 and ψ(r) = 1. Hereafter, for simplicity, we consider the asymptotically flat black hole solution, i.e., λ = 1 (Λ = 0). In this case, there is a maximum value of Q/M depending on κ/M 2 below which the black hole solution can exist. Such maximum values of Q/M are shown as a function of κ/M 2 in Fig. 5 in Ref. [21] .
III. NULL GEODESIC
We consider the geodesic equation around the electrically charged black hole in EiBI. Since the Lagrangian given by L = g µν (dx µ /dτ )(dx ν /dτ )/2 is conserved along the geodesic, i.e., dL/dτ = 0, one can put L = −1/2 for a massive particle using the scaling degree of freedom of τ [21] , while L = 0 for a massless particle independently of the scaling degree of freedom of τ . The motion of particle is subject to the Euler-Lagrange equation,
On the other hand, adopting the metric ansatz (4), we obtain
Due to the nature of the static spherically symmetric spacetime, ∂L/∂t = ∂L/∂φ = 0 in Eq. (12) , which leads to that the derivatives of t-and φ-components of the four velocity p µ with respect to τ become zero, i.e.,ṗ t =ṗ φ = 0, where
Thus, one can getṫ
where e and ℓ are constants corresponding to the energy and angular momentum, respectively, of the massless particle. In the case of a massless particle (L = 0), rescaling the affine parameter as τ → τ /e and introducing the impact parameter b ≡ ℓ/e, the equation for the radial motion becomes
where to derive Eq. (15) we assume that the motion is confined on the equatorial plane (θ = π/2). We remark that the orbit of massless particle depends only on the value of b independently of the individual values of e and ℓ. The unstable circular orbit (UCO) or the photosphere, whose radius is denoted by R UCO , is obtained by solving dV /dr = 0 for d 2 V /dr 2 < 0. Then, the massless particle moves on the UCO around the black hole with infinite time, if V (R UCO ) = 1. Otherwise, the particle infalling from the infinity either plunges into the black hole if V (R UCO ) < 1 or is scattered off by the potential barrier at some radius larger than
, where b c is a critical impact parameter depending merely on the black hole parameters. We remark that, for the Reissner-Nordström case (κ = 0), R UCO and b c can be obtained analytically as
where
As an example, in Fig. 1 , we show the effective potential V (r) in EiBI with Q/M = 0.5 and κ/M 2 = 6, where the solid, dotted, and broken lines correspond to the cases for b = 2M , b c , and 7M , respectively. In the same figure, the position of R UCO in EiBI is denoted by with the vertical solid line, where the position of R UCO in general relativity, i.e., for Q/M = 0.5 and κ = 0, also denoted by the vertical dot-dashed line for reference. From this figure, one can see that R UCO in EiBI can deviate from that in general relativity. In fact, R UCO = 2.67M in EiBI with Q/M = 0.5 and κ/M 2 = 6, while R UCO = 2.82M in general relativity, i.e., the deviation is 5.3%. The value of b c in EiBI also can deviate from that in general relativity, i.e., b c = 4.83M in EiBI with Q/M = 0.5 and κ/M 2 = 6 while b c = 4.97M in general relativity. Additionally, the particle with b > b c is scattered by the black hole, as mentioned the above, i.e., for instance, the particle with b = 7M is scattered at r = r 0 , which is also denoted by the filled circle in Fig. 1 .
In Fig. 2 , we show the dependence of R UCO in EiBI on the electrical charge Q/M with fixed value of the coupling constant κ/M 2 in the left panel and on κ/M 2 with fixed value of Q/M in the right panel, where the labels in the figure denote the fixed value of κ/M 2 in the left panel and the fixed value of Q/M in the right panel. For comparison, we also show R UCO in general relativity with the thick-solid line, i.e., for the Reissner-Nordström spacetime in the left panel and for the Schwarzschild spacetime in the right panel. From this figure, one can observe that R UCO depends strongly not only on the value of Q/M but also on the value of κ/M 2 . In particular, R UCO with a fixed value of Q is a monotonically decreasing function of the coupling constant κ. Note that the unstable circular orbit exists, just like the event horizon [21] , even for Q/M > 1, provided κ < 0. On the other hand, the critical impact parameter b c with which the massless particle moves on the UCO, also depends on the values of Q/M and κ/M 2 . In Fig. 3 , we show the dependence of b c on Q/M in the left panel and on κ/M 2 in the right panel, as same as in Fig. 2 . From this figure, we find that the dependence of b c on Q/M and κ/M 2 are qualitatively the same as that of R UCO . We also find that b c in EiBI cannot be over b c for the Schwarzschild spacetime, which is b c = 3 √ 3M , in the range of the parameters we adopt in this paper. 
IV. DEFLECTION ANGLE
We especially consider the scattering orbit of massless particle around the electrically charged black hole in EiBI, i.e, for b > b c . Assuming the particle motion on the equatorial plane and using Eqs. (14) and (15), one can derive the equation,
As shown in Fig. 4 , we consider that the particle turns around the black hole at r = r 0 and φ = 0. We remark that the position of r 0 in the effective potential ( Fig. 1 ) corresponds to this turn-around point. Since, by definition, dr/dφ should be zero at the turn-around point, the impact parameter for b ≥ b c can be expressed as
In Fig. 5 , the impact parameter determined by Eq. (19) is shown as a function of the position of the turn-around point r 0 , where the left and right panels correspond to the results for Q/M = 0.5 and 1.0, respectively. In the figure, the labels denote the values of κ/M 2 , where the case in general relativity (κ = 0) is also plotted by the thick-solid line for reference. The leftmost end-point of each curve corresponds to the critical impact parameter b c for each case, which is given by b
. From this figure, we find that the impact parameter in EiBI for the massless particle scattering far from the black hole, such as r 0 5M , is almost independent from the coupling constant, while that depends strongly on the coupling constant and the electrical charge for the scattering orbit close to the black hole.
Additionally, integrating Eq. (18), we can get the equation,
Therefore, as shown in Fig. 4 , the deflection angle ∆ϕ(r 0 ) is determined as
where we adopt φ(r 0 ) = 0. However, one can see that the integrand in Eq. (21) diverges at r = r 0 due to Eq. (19) . That is, as shown in [20, 25] , one should remove the pole at r = r 0 for determining the deflection angle ∆ϕ. Now, introducing a new variable z defined as z ≡ 1 − r 0 /r, i.e., r(z) = r 0 /(1 − z), the angle φ(∞) can be express as
where F is given by
Image of scattering orbit of massless particle, where ∆ϕ is deflection angle. The right panel is magnified view in the vicinity of the scattering position, where r0 is the curtate distance between the particle orbit and the black hole. As mentioned the above, the function of F (z, r 0 ) diverges at z = 0 (r = r 0 ), while ψ(z) is regular for any values of z. To see the behavior of divergence of the function F at z = 0, we approximate it near z = 0 as
where α and β are functions of r 0 given as
Here, the variables with the subscript 0 denotes the corresponding values at r = r 0 or z = 0, and the prime denotes the derivative with respect to r 0 . Thus, one can find that the value of I(r 0 ) is finite when α is nonzero. Meanwhile, as mentioned in the previous section, dV /dr = 0 is realized only at r = R UCO , which leads to the statement that α = 0 only at r 0 = R UCO . So, the deflection angle is finite value for r 0 > R UCO and diverges at r 0 = R UCO . In order to determine the deflection angle by removing the singular point, we separate I(r 0 ) into two parts as where
The first term in Eq. (27) can be analytically integrated [25] , which becomes
On the other hand, for r 0 > R UCO , the function G(z, r 0 ) can be expanded around z = 0 as
which leads to G(0, r 0 ) = 0, i.e., I R (r 0 ) becomes a finite value. Finally, one can calculate the deflection angle for r 0 > R UCO via the relation,
In Fig. 6 , we show the deflection angle as a function of r 0 , where the left and right panels correspond to the results with Q/M = 0.5 and 1.0, respectively. The labels in the figure denote the adopted values of the coupling constant κ/M 2 in EiBI. In any case, the deflection angle increases as r 0 decreases, and becomes equal to 2π with a specific value of r 0 , where the massless particle goes around the lens object before reaching the observer. As r 0 additionally decreases, the deflection angle increases more and the number that the massless particle goes around the lens object also increases. When r 0 eventually reaches the position of the unstable circular orbit, the deflection angle diverges, where the massless particle goes around the lens object for all eternity. The positions of the relativistic images where the deflection angle becomes equal to a multiple of 2π depend strongly on the gravitational theory, as seen in Fig.6 . In fact, the positions of the relativistic images for the negative (positive) coupling constant in EiBI become larger (smaller) than that expected in general relativity, where the difference between the positions expected in EiBI and in general relativity seems to increase with Q/M . On the other hand, since the deflection angle for r 0 5M is almost independent from the gravitational theory, it could be quite difficult to distinguish the gravitational theory via the observation of the deflection angle for r 0 5M even if detected.
V. STRONG GRAVITATIONAL LENSING
Here, we focus on the deflection angle for r 0 ≃ R UCO , where α(r 0 ) is expanded as
Substituting this expansion into Eq. (31), one can get
where a 1 andã 2 are the constants determined at r 0 = R UCO as
The second term in Eq. (27) can be expanded in the vicinity of r 0 = R UCO as
Taking into account that α(R UCO ) = 0, G(z, R UCO ) can be expressed in the vicinity of z = 0 as
That is, I R (r 0 ) is still a finite value. Thus, one can calculate the deflection angle with
Furthermore, from Eq. (19), one can get the expansion of b(r 0 ) around r 0 ≃ R UCO as
With this expansion, the deflection angle [Eq. (41)] is rewritten as
Now, we consider the lens geometry shown in Fig. 7 . We assume that the observer and source are located in the flat spacetime, while the region around the black hole is strongly curved spacetime, which leads to the light bending. That is, the light ray passes from the point S up to the point O via the point C in Fig. 7 . Then, the lens equation can be expressed as [23] 
where ω corresponds to the angular separation between the lens and source, and Θ corresponds to that between the lens and image, i.e., ω = ∠LOS and Θ = ∠LOI in Fig. 7 . One can also see that In the strong deflection limit, i.e., ω ≪ 1, Θ ≪ 1, and (∆ϕ n − Θ) ≪ 1, the lens equation reduces to
where ∆ϕ n is the deflection angle removed all the loops of photon around the lens object [25] . That is, ∆ϕ n ≡ ∆ϕ − 2nπ with an integer n for 0 < ∆ϕ n ≪ 1. In this limit, since b ≃ D OL Θ, the deflection angle [Eq. (44)] reduces to
Using Eq. (48), one can get the angle Θ 0 n , with which ∆ϕ is equal to 2nπ, i.e.,
In Fig. 8 , we show the angle of the 1st relativistic image, Θ 6 M ⊙ to match the previous calculations in [20] . From this figure, we find that the angle of relativistic image for the fixed value of nonzero Q/M decreases as the coupling constant increases. In particular, the deviation from the result in general relativity significantly increases with the value of |κ/M 2 | and Q/M . This is consistent with the result in Fig. 6 , where the position of the turn-around point decreases as the coupling constant increases. In fact, compared with the results in general relativity, the value of Θ 
Then, the lens equation becomes
where we assume D OL ≫ b c to obtain the final expression. Then, the position of the n-th relativistic images, Θ = Θ n , are given by
Additionally, the magnification of the images defined by the inverse of the Jacobian estimated at the images, µ n , is given by
where we simply consider the image at Θ = Θ 0 n and we adopt the relation of D OL ≫ b c again [25] . Finally, according to Ref. [25] , we consider the simplest situation for observation. That is, we assume that only the outermost relativistic image Θ 0 1 can be resolved from the others and all the remaining images are concentrated at Θ 0 ∞ . Then, the observable quantities are
where we adopt the relations of exp(2π/a 1 ) ≫ 1 and exp(a 3 /a 1 ) ∼ O(1) to derive the right hand side of Eq. (56). We remark that the value of R is dependent on the properties of black hole spacetime, and independent of D OS , D LS , D OL , and ω. We also remake that the values of a 1 and a 3 can be determined from the observable quantities s and R as an inverse problem. For example, we consider a specific case with the supermassive black hole located at the center of our Galaxy, whose mass is estimated to be M = 4.4 × 10 6 M ⊙ [32] , while the distance from the solar system, D OL , is around 8.5 kpc [33] . In Fig.  9 , we show the angular separation between Θ 
is plotted as a function of the electric charge Q/M with the fixed value of the coupling constant κ/M 2 in the left panel and as a function of the value of κ/M 2 with the fixed value of Q/M in the right panel. We find that, with the fixed value of nonzero Q/M , the relative magnification decreases as the coupling constant increases in any case. In particular, in the case with κ/M 2 −6 and Q/M 1.3, the relative magnification can be larger than that for the Schwarzschild black hole, which is the maximum value predicted in general relativity. That is, if the relative magnification larger than that expected for the Schwarzschild black hole would be observed, it could be the observation detecting an imprint of an alternative gravitational theory, not general relativity. Moreover, compared with the results in general relativity, the magnitude of the relative magnification with Q/M = 0.5 in EiBI becomes 5.5% larger for κ/M 2 = −10 and 12.7% smaller for κ/M 2 = +10, while R m with Q/M = 1.0 in EiBI becomes 42.5% larger for κ/M 2 = −10. 
VI. CONCLUSION
In this paper, we systematically examine the properties null geodesics around an electrically charged black hole in Eddingtoninspired Born-Infeld gravity (EiBI), where we especially focus on the asymptotically flat black hole solution. In this case, the free parameters determining the back hole solution in EiBI are the coupling constant in EiBI (κ/M 2 ) and the electrical charge (Q/M ), which are normalized by the mass of black hole M . In order to examine the orbital motion of a massless particle, we derive the null geodesic. We find that the radius of the unstable circular orbit, R UCO , depends strongly on both κ/M 2 and Q/M , where R UCO with the fixed value of nonzero Q/M decreases as κ/M 2 increases. We also examine the strong gravitational lensing around the electrically charged black hole in EiBI. We show that the deflection angle due to the light bending in strong gravitational field diverges, when the distance between the black hole and the position of the turn-around point of light agrees with R UCO as same as in general relativity. The position angles of the relativistic images also strongly depend on both κ/M 2 and Q/M , where the angle with the fixed value of nonzero Q/M decreases with κ/M 2 . Furthermore, in the strong deflection limit, we derive the analytic formulae to determine the angular position and magnification due to the winding of light around the black hole in EiBI, according to Ref. [25] . In the simplest situation where only the outermost image can be resolved from the others, we concretely calculate the angular separation and the relative magnification, supposing the central black hole in our Galaxy. Then, we find that the angular separation and the relative magnification are quite sensitive to κ/M 2 and Q/M . In particular, the relative magnification in EiBI for κ/M
